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Abstract
A coloring of a digraph D = (V,E) is a coloring of its vertices
following the rule: Let uv be an arc in D. If the tail u is colored first, then
the head v should receive a color different from that of u. The dichromatic
number χd(D) of D is the minimum number of colors needed in a coloring
of D. Besides obtaining many results and bounds for χd(D) analogous to
that of chromatic number of a graph, we prove χd(D) = 1 if D is acyclic.
New notions of sequential colorings of graphs/digraphs are introduced. A
characterization of acyclic digraph is obtained interms of L-matrix of a
vertex labeled digraph.
MATHEMATICS Subject Classification: 05C15, 05B20.
Keywords: Coloring of a Digraph, dichromatic number, sequential coloring of
graphs/digraphs, L-matrix of colored digraphs.
1 Introduction
A coloring of a digraph D = (V,E) is a coloring of its vertices by the follow-
ing rule:
Let uv be an arc in D. If the tail u is colored first, then the head v should receive
a color different from that of u. But, if v is colored first, then u may or may not
receive the color of v.
The dichromatic number χd(D) of D is the minimum number of colors needed in
a coloring of D.
A coloring of a graph is a coloring of its vertices such that no two adja-
cent vertices receive the same color. The chromatic number χ(G) of a graph G
is the minimum number of colors needed in a coloring of G.
The above definitions of colorings of a graph/digraph are equivalent to the fol-
lowing.
Let G = (V,E) be a graph or digraph of order p, and V = {v1, v2, . . . , vp}. A col-
oring ofG with colors c1, c2, ..., is a sequence of ordered pairs (v1, c1), (v2, c2), ..., (vp, cp)
such that for i < j, cj 6= ci if vivj is an edge/arc according asG is a graph/digraph.
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The chromatic/dichromatic number of G is the minimum number of colors needed
in a coloring of G according as G is a graph or a digraph.
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Figure 1 exhibits the colorings of the digraphs following the above rule.
The sequences of ordered pairs indicate the order in which the vertices are colored
using the above rule. We note that the dichromatic number of the 3-cycle is 2,
and that of semi-cycle of length 3 is 1. The above examples show that the number
of colors needed to a color a digraph D depends on the sequence of vertices we
choose to color them.
It appears that there is no standard notion of digraph coloring as com-
pared to the usual coloring of graphs. However, there are a few different notions
of digraph coloring ( see for example [1], [2], [4], [5], [7]).
For any definitions on graphs and digraphs, we refer the book [3]. In this pa-
per, we initiate a study of dichromatic number χd(D) of a digraph D, and obtain
many results and bounds for χd(D) analogous to those of chromatic number of a
graph.
Also, we introduce new coloring parameters of graphs and digraphs, called
sequential coloring numbers, closely related to the chromatic and dichromatic
numbers.
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2 Some Basic Results
Proposition 1. a) For a directed path Pn on n vertices, χd(Pn) = 1.
b) For any directed cycle Cn on n vertices, n ≥ 3, χd(Cn) = 2.
Proof. a) Let v1v2 . . . vn be a directed path. Color the vertices in the order
vn, vn−1, . . . , v1 with color 1.
b)Let Cn : v1v2 . . . vn be a directed cycle. First color v1 and vn with color 1, and
then color the vertices v2, v3, . . . , vn−1 alternately with colors 2 and 1.
Proposition 2. If Cn : v1v2 . . . vn is a semi-cycle which is not a directed cycle,
then χd(Cn) = 1.
Proof. Clearly, Cn has a sink say v1, where v2v1 and vnv1 are arcs. Let v1v2 . . . vi,
2 ≤ i ≤ n−1 be a maximal directed path. We color the vertices vi−1, vi−2, . . . , v2
by the color 1, in this order. Now, we look for a maximal directed path from vi
to vj , where i < j, and color the vertices vj, vj−1, . . . , vi by the color 1, in this
order. Note that vj may be vi. If some more vertices are left out, we look for a
vertex vk, j < k, such that vkvk−1...vj is a maximal directed path. We color the
vertices of this path starting from vj to vk. We continue this process and color
all vertices of Cn with color 1.
Remark 1: Given a sequence of vertices of a digraph D it is easy to find the
minimum number of colors needed to color the vertices in the order given by the
sequence. But, given a coloring of a digraph, it may be difficult in general to find
a sequence of vertices which gives that coloring.
For a digraph D, the underlying graph of D, denoted by G(D) has the same
vertex set as D, where two vertices u and v are adjacent if uv or vu is an arc in D.
Clearly, for any digraph D,
χd(D) ≤ χ(G(D)),
where χ(G(D)) is the chromatic number of the graph G(D). Further, χd(D) =
χ(G(D)) if, and only if, every arc in D is symmetric.
3 Bounds for dichromatic number
In a digraph D, the indegree ind(v) is the number of arcs having v as their
head, and the outdegree od(v) is the number of arcs having v as their tail.
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For a digraph D = (V,E), let ∆in(D) = max{ind(v) : v ∈ V }, and
∆od(D) = max{od(v) : v ∈ V }.
Proposition 3. For any digraph D of order p without symmetric arcs
χd(D) ≤ p−∆in(D).
Proof. Let v be a vertex with ind(v) = ∆in(D). First, color v with color 1,
and then color all tails of arcs having v as their head, with color 1. Thus, after
coloring ∆in(D) + 1 vertices with color 1, the rest of the vertices can be colored
with p−∆in(D) + 1 distinct colors. Thus, all vertices in D can be colored with
p−∆in(D) colors, and χd(D) ≤ p−∆in(D).
Note that Proposition 3 is not true if D has symmetric arcs. For example,
in Figure 2, ∆in(D) = 2, χd(D) = 2, and p−∆in(D) = 1.
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A set S of vertices in a digraph D is independent if there is no arc between
any two vertices in S.
One can obtain a stronger result.
Proposition 4. Let D = (V,E) be a digraph of order p without symmetric arcs,
and S be an independent set of vertices. Then
χd(D) ≤ p−
∑
v∈S
ind(v)+ | S | .
A digraph D is a tree if the underlying graph G(D) of D is a tree. A
vertex v in a tree D is a pendant vertex if it is a pendant vertex in G(D).
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We now prove that all acyclic digraphs have dichromatic number equal to 1.
First we prove,
Lemma 5. If a digraph D is a tree, then χd(D) = 1.
Proof. We prove the result by induction on the number of vertices in D. Clearly,
the result is true if D has 2 or 3 vertices. Suppose it is true if D has p vertices
where p ≥ 3, and let D be a tree with p + 1 vertices. There is a pendant vertex
v in D such that for some other vertex u in D, either uv or vu is an arc.
Case 1. vu is an arc.
By inductive hypothesis, all vertices in D−v can be colored with the same color,
say 1. Now, giving color 1 to v in D, one can obtain a coloring of D in which all
vertices have the same color 1.
Case 2. uv is an arc.
Consider a 1-coloring of D − v. In this coloring, u is given color 1. Remove the
color given to u. Color v with color 1, and then give color 1 to u. This gives a 1-
coloring of D. This completes the proof.
Let D be a digraph, and u, v be two vertices in D, such that uv is not an arc
in D. The digraph obtained by adding the arc uv to D is denoted by D + uv.
Lemma 6. Let u, v be two vertices in a digraph D such that χd(D) = 1, and
there is no directed path from u to v. Then there exists a 1-coloring of D such
that u is colored first and then v.
Proof. If D is a semi-path, one can easily see that this is true. Otherwise, we
prove the result by induction on the number p of vertices in D . The result is true
if D has 3 or 4 vertices. Let the result be true for all digraphs D with χd(D) = 1
with p vertices where p ≥ 4.
Suppose D′ is a digraph of order p + 1 with χd(D
′) = 1. Let u, v be two
vertices in D′ such that there is no directed path from u to v in D′. Suppose w
be a vertex in D′ which is not on a u − v semi-path. The digraph D = D′ − w
has p vertices, and χd(D) = 1. By inductive hypothesis, there exists a 1-coloring
of D such that u is given color 1 before v is colored.
Case 1. w is not the head of any arc in D′. In this case, any 1-coloring of D can
be extended to 1- coloring of D′ by giving color 1 to w, where u is colored first,
and then v.
Case 2. The vertex w is the head of arcs say, w1w,w2w, . . . , wkw. Consider a
1-coloring of D in which u is colored first before v. In this coloring, remove the
colors of the vertices w1, w2, . . . , wk. Then in D
′, give color 1 to w, and then color
the vertices w1, w2, . . . , wk. This gives the required coloring of D
′.
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Theorem 7. Let D be an acyclic digraph. Then χd(D) = 1.
Proof. The result is true if D is a tree (Lemma 5). Suppose, D is not a tree. Let
D′ be the spanning tree obtained from D by removing arcs u1v1, u2v2, . . . , ukvk.
In the tree D′, there is no directed path from vk to uk. For otherwise, we have
a directed cycle in D, which is not true. By Lemma 5, there is a 1-coloring of
D′ such that vk is colored first, and then uk. The same 1-coloring of D
′ gives a
1-coloring of D′′ = D′+ukvk. Putting back the arcs uk−1vk−1, . . . , u1v1 to D
′′ one
by one, to get back D, we find with the same type of argument, χd(D) = 1.
4 c-Independent Sets
Consider a coloring C of a digraph D = (V,E). A set S of vertices in D is
color independent or c-independent with respect to C if all vertices in S have the
same color. The c-independence number βoc(D) of D is the maximum cardinality
of a c-independent set.
One can also define the dichromatic number χd(D) of a digraph D as the
minimum order of a partition of the vertex set V of D into c-independent sets.
Such a partition is called dichromatic partition of D.
As in graphs, one can easily establish the following result.
Proposition 8. For a digraph D of order p,
p
βoc(D)
≤ χd(D) ≤ p− βoc(D) + 1.
These bounds are tight. For example, let D be acyclic digraph of order p.
Then χd(D) = 1 and βoc(D) = p. Also, for the 3-cycle in the Figure 3 below,
χd(c3) = 2, βoc(D) = 2.
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5 c-Bipartite digraphs
A digraph D = (V,E) is c-bipartite if V can be partitioned into two c-
independent sets. Trivially, an acyclic digraph is c-bipartite. We now character-
ize c-bipartite digraphs.
Let Cn : v1v2 . . . vnv1, be a directed cycle. If each arc vivi+1, 1 ≤ i ≤ n − 1,
and vnv1is symmetric, then Cn is called a symmetric cycle of length n.
Proposition 9. The following statements are equivalent for a digraph D.
(i) D is c-bipartite.
(ii) χd(D) = 2.
(iii) D does not have an odd symmetric cycles.
The proof is more or less similar to the corresponding result for graphs, and
we omit the same.
If Cn is a dicycle of length n ≥ 2, then Cn is c-bipartite, since χ(Cn) = 2, for
all n ≥ 2.
6 Sequential Coloring or s-Coloring
While coloring the vertices of a graph or digraph, we invariably choose a se-
quence of vertices to color them. This motivates one to define sequential coloring
or s-coloring, and s-coloring number of a graph or digraph as follows:
Let G = (V,E) be a graph or digraph of order p, and V be the vertex set of
G. Suppose s : v1, v2, . . . , vp is a sequence of vertices in V . A s-coloring of G
with colors c1, c2, . . . , is a sequence of ordered pairs
(v1, c1), (v2, c2), ..., (vp, cp) ...(1)
such that for i < j, cj 6= ci if vivj is an edge or an arc according as G is a graph
or digraph.
The s-coloring number of G is the minimum number of colors that can appear
in the sequence (1). When G is a graph, the s-coloring number is called the s-
chromatic number of G, and it is denoted by χs(G). When G is a digraph, the
s-coloring number of G is called the s-dichromatic number of G, and it is denoted
by χsd(G). When G is graph, the sequence (1) is chromatic if χs(G) = χ(G),
the chromatic number of G. Similarly, when G is a digraph, the sequence (1) is
dichromatic if χsd(G) = χd(G), the dichromatic number of G.
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For example, in Figure 4(a), χs1(T ) = 3, and in Figure 4(b) χs2(G) = 4.
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In Figure 5, the sequence s1 is a chromatic, but s2 is not.
q q✲
v1 v2
1 2
(a)
D1
r r
r
✲
❪✣
v1 v2
v3
3
1 2
(b)
D2
r r
r
✲
❪✣
q
❃
✍✿
✕
v1 v2
v3 v4
1 2
3
4
(c)
D3
Figure 6
8
The following result is well known.
Proposition 10. Given a positive integer n, there exists a triangle free graph G
whose chromatic number is n.
A similar result for digraphs is the following:
Proposition 11. Given a positive integer n, there exists a digraph D and a
sequence s of its vertices in D such that its s-dichromatic number χsd(D) = n.
Proof. Let D1, be the digraph which consists of an arc v1v2. We color v1 with
color 1, and then color v2 with color 2 as in Figure 6(a). Take a new vertex v3,
and draw arcs v1v3 and v2v3 to get the digraph D2. Now color the vertex v3
with color 3 as shown in Figure 6(b). After having successively constructed the
digraphs D1, D2, D3, . . . , Dn−1, and giving colors 1, 2, 3, . . . , n− 1 to the vertices
v1, v2, . . . , vn−1, we construct the digraph Dn by taking a new vertex vn, and
adding arcs vivn, for 1 ≤ i ≤ n− 1, and give color n to vn. The digraph Dn thus
constructed has s-coloring s : (v1, 1), (v2, 2), . . . , (vn, n). Clearly, χsd(D) = n.
7 Complete Partition
A partition P = {V1, V2, . . . , Vk} of the vertex set V of a graph G = (V,E)
is complete if there exists an edge between any two sets in P . A minimum
order of a partition of V into independent sets is called a chromatic parti-
tion. It is well known that any chromatic partition is complete. A s-coloring
s : (v1, c1), (v2, c2), . . . , (vp, cp) of a graph/digraph also partitions its vertex set
V = {v1, v2, . . . , vp} into independent/c-independent sets. In particular, a s-
coloring of a graph G = (V,E) with minimum number of colors gives a partition
of the vertex set which is complete.
The achromatic number ψ(G) of a graph G = (V,E) is the maximum order
of a partition of V into independent sets, which is complete. It now follows that
for any graph G,
χ(G) ≤ χs(G) ≤ ψ(G) ...(2)
A complete coloring of a graph G is a partition of its vertex set V into in-
dependent sets which is complete. It is known that for every integer a with
χ(G) ≤ a ≤ ψ(G), there exists a complete partition of V of order a. Hence
it follows that for any such integer a there exists a s-coloring of G such that
χs(G) = a.
It is known that many upper bounds of χ(G) are also bounds for ψ(G), and hence
bounds for χs(G). In a s-coloring, if β0s is the maximum cardinality of a color
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class, one can easily make out that p/β0s is a lower bound for χs(G).
Problem: Characterize graphs G for which
χ(G) = χs(G) = ψ(G).
For example, complete graphs, wheels and cycles belong to this category.
A partition P = {V1, V2, . . . , Vk} of the vertex set V of a digraph is complete if
there exists an arc between any two sets in P . A minimum order of a partition of
V into c-independent sets is a dichromatic partition of V , and any such partition
is complete.
The s-achrodichromatic number ψsd(D) of a digraph D is the maximum order
of a partition of V into c-independent sets which is complete.
Let V be the set of vertices of a graph/digraph, and s(V ) be the set of all
sequences of vertices in V .
Note:
(i) For a graph G = (V,E),
χ(G) = min{χs(G) : s ∈ s(V )}
ψ(G) = max{χs(G) : s ∈ s(V )}.
(ii) For a digraph D = (V,E),
χd(D) = min{χsd(D) : s ∈ S(V )}
ψsd(D) = max{χsd(D) : s ∈ s(V )}.
For any digraph D, we have,
χd(D) ≤ χsd(D) ≤ ψsd(D).
In Figure 7, ψsd(D) = 4 where s-coloring is s : (v1, 1)(v2, 2)(v5, 2)(v3, 3)(v4, 4).
The above sequence also gives the s-achromatic number of the underlying graph
G of D.
10
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Proposition 12. Let G(D) be the underlying graph of digraph D. Then
ψsd(D) ≤ ψs(G(D)).
Proof. Let P = {V1, V2, . . . , Vk} be any s-achromatic partition of the vertex set
V of G(D). Since each independent set is c-independent, P is also a partition of
V into c-independent sets in D. Further, since P is complete partition of V in
G, it is also a complete partition of V in D. Hence, ψsd(D) ≤ ψs(G(D)).
Let D be a digraph and G be its underlying graph ofD. We have the following
chain of relations concerning the coloring numbers discussed above.
χd(D) ≤ χs(D) ≤ χ(G) ≤ χs(G) ≤ ψs(G) ≤ ψsd(D).
8 Coloring of a Digraph and its Matrix Repre-
sentation
A vertex labeled digraph D can be uniquely represented by a matrix called
the L-matrix of D. A characterization of such matrices is obtained. Further, a
characterization of acyclic digraphs in terms of its L-matrix is obtained.
Let D = (V,E) be a digraph and V = {v1, v2, . . . , vp}. Suppose the vertices
of D are labeled, and for a vertex vi, let ℓ(vi) be the label of vi, 1 ≤ i ≤ p.
The labels of the vertices need not be distinct. One can represent such a labeled
digraph D uniquely by means of a square matrix M = [aij ] of order p called the
L-matrix of D whose entries aij are defined as follows:
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In Figure 8, the L-matrix of the labeled digraph D is given. Suppose there are
k distinct labels in the labeled digraph D. One can partition the vertex set V
into k sets V1, V2, . . . , Vk, such that all vertices in Vi for 1 ≤ i ≤ k, have the
same label. Given the L-matrix M = [aij ] of a labeled digraph D, one can easily
determine the digraph D uniquely as well as the partition V = {V1, V2, . . . , Vk}
of the vertex set given by the labels as follows:
Let V = {v1, v2, . . . , vp}, be the vertex set of D. For any two vertices vi and vj
in D, vivj is an arc in D if, and only if, aij ∈ {2, 1}. Further, vi and vj have the
same label if, and only if, aij ∈ {2,−1}. For a vertex vi, the set of all vertices in
D having the same label as vi is determined as follows:
C(vi) = {vi} ∪ {vj : aij ∈ {2− 1}}.
In [6] the authors have defined the L-matrix M = [aij ] of a vertex labeled
graph G = (V,E) of order p analogously as follows: Let V = {v1, v2, . . . , vp}.
For any two vertices vi and vj in G, vivj is an edge if, and only if, aij ∈ {2, 1}.
Further, ℓ(vi) = ℓ(vj) if, and only if, aij = {2,−1}. Note that this matrix is
symmetric.
We now characterize L-matrix of a labeled digraph.
Theorem 13. (Characterization) A square matrix M = [aij ] of order p with zero
diagonal and aij ∈ {2, 1, 0,−1}, is the L-matrix of a labeled digraph D of order
p, if, and only if, the following conditions hold.
i) aij,ajk ∈ {2,−1}, implies aik ∈ {2,−1}.
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ii) aij ∈ {2,−1} and ajk ∈ {0, 1}, implies aik ∈ {0, 1}.
Proof. Necessity : Let M = [aij ] be the L-matrix of a labeled directed graph D
of order p . If three vertices vi, vj ,and vk in D are such that, ℓ(vi) = ℓ(vj),
and ℓ(vj) = ℓ(vk) then ℓ(vi) = ℓ(vk). In otherwords, if aij , ajk ∈ {2,−1} then
aik ∈ {2,−1}. Thus (i) holds. Suppose now, ℓ(vi) = ℓ(vj), and ℓ(vj) 6= ℓ(vk).
Then ℓ(vi) 6= ℓ(vk). In otherwords, aij ∈ {2,−1} and ajk ∈ {0, 1}, then
aik ∈ {0, 1} and (ii) holds.
Sufficiency : Let M = [aij ] be a matrix of order p satisfying the conditions (i)
and (ii). One can easily construct a vertex labeled digraph D with vertex set
V = {v1, v2, . . . , vp} such that M is the L-matrix of D as follows:
For any two vertices vi, vj in V , vivj is an arc if, and only if, aij ∈ {2, 1}.
Further ℓ(vi) = ℓ(vj) if, and only if, aij ∈ {2,−1}. One can easily see that M is
the L-matrix of the labeled digraph D thus constructed.
9 Digraph Coloring and L-Matrices
The color matrix of a colored digraph D is nothing but the L-matrix of a
vertex labeled digraph D.
Given a coloring of a digraph D, one can easily find its color matrix M = [aij ].
Conversely, given the color matrix of D, one can find the digraph, and the par-
tition of the vertex set into color classes. By Theorem 7, for an acyclic digraph
D , χd(D) = 1.
The following is a characterization of an acyclic digraph D in terms of its color
matrix. We omit the proof.
Proposition 14. A square matrix M = [aij ] of order p is the color matrix of an
acyclic digraph D = (V,E) of order p if, and only if,
(i) for all i, j, i 6= j, aij ∈ {2,−1}.
(ii) aij = 2⇔ aji = −1.
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